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The mechanisms for forming experimentally observed nanoscale skyrmions in the absence of mag-
netic field or/and in the centrosymmetric systems are not yet known. By introducing biquadratic
antiferromagnetic together with usual bilinear ferromagnetic nearest neighbor exchange interaction
in a square lattice, we find that the energy of the spin-wave mode minimizes at a finite wavevector
for a vanishingly small Dzyaloshinskii-Moriya interaction (DMI), supporting a ground state with
spin-spiral structure whose pitch length is unusually short as found in some of the experiments. A
numerical simulation of the model with further introduction of magnetic anisotropy finds stabiliza-
tion of the skyrmions even at zero magnetic field. We obtain phase diagram for various possible
magnetic structures by further inclusion of magnetic field and the DMI in the model.
Ever since its first realization [1], the magnetic
skyrmion has drawn a huge attention because of its
promising applications [2] such as memory device, logic
gate, writing and deleting information, and emergent
properties [3, 4] such as topological Hall effect. The
paradigm [3–5] of chiral magnets describes that the
nearest neighbor ferromagnetic exchange interaction, J1,
which favors a ferromagnetic ground state competes with
the DMI energy, D, arising due to inversion asymme-
try. As the DMI tends to make neighboring spins
noncollinear, the ground state transforms into a one-
dimensional spin-spiral (SS) structure with pitch length
λD = 2piaJ1/D where a is the lattice constant. The ef-
fective Zeeman energy, H, favors spin orientation along
+zˆ direction and thus the SS structure is converted into
a skyrmion with topological quantum number Q = 1 in
the ferromagnetic background. For further increase of
H, the size of a skyrmion becomes shorter [3, 4] and
eventually diminishes into the background of out-of-plane
ferromagnet. The DMI of chiral magnets is quintessen-
tial for producing nanoscale SS and skyrmion structures.
The out-of-plane magnetic anisotropy, A, tends to ori-
ent all magnetic moments along perpendicular to plane
and thus the SS becomes unstable for large A in favor of
out-of-plane ferromagnet even at H = 0. Finally, an in-
plane magnetic anisotropy tends to orient the magnetic
moments in a plane and by the influence of the DMI,
meron lattice with Q = 1/2 is produced [6, 7, S2] before
it becomes a planar ferromagnet. The out-of-plane tilt-
ing angle of this ferromagnet increases till the structure
becomes out-of-plane ferromagnet as H is increased.
In contrast to the above standard paradigm, some of
the experiments report SS structures with much shorter
[9–13] pitch than λD, the skyrmions[9, 14–24] at zero
magnetic field, and the skyrmions in centrosymmetric
[14, 25, 26] systems where the DMI is absent. In view of
these shortcomings, we propose a model where we include
nearest neighbor biquadratic-antiferromagnetic exchange
interaction. The presence of this biquadratic [27, 28]
exchange interaction has been demonstrated [28] before
in Fe/Cr/Fe systems. We consider a square lattice, as
an illustration, of a magnetic system with Hamiltonian
H = HEX + HD + HA + HZ, where the spin-exchange
Hamiltonian
HEX =
∑
<ij>
[−J1(mi ·mj) + J2(mi ·mj)2] (1)
with nearest neighbor bilinear and biquadratic exchange
couplings (J1, J2 > 0) and magnetization unit vector mi
at ıth site, inversion asymmetry induced Dzyaloshinskii-
Moriya spin-orbit interaction HD = D
∑
<ij>(zˆ × rˆij) ·
(mi ×mj) with strength D for the systems with Cnv
symmetries, energy due to magnetic anisotropy HA =
A
∑
i(m
z
i )
2 with positive (negative) sign of A repre-
senting in-plane (out of plane) anisotropy, and Zee-
man energy due to application of magnetic field HZ =
−H∑imzi represented by energy parameter H includ-
ing both applied and demagnetized fields.
We find that the biquadratic exchange energy, beyond
a threshold value, minimizes spin-wave dispersion energy
at a nonzero momentum signaling the possibility of non-
collinear magnetic structures. The pitch length of the
SS structure is found to be much smaller than λD. Em-
ploying the method of simulated annealing by further in-
clusion of DMI, magnetic anisotropy and magnetic field
in the model, we obtain various noncollinear magnetic
structures that are experimentally observed but most of
which are not yet theoretically understood for the pres-
ence of all or the absence of one or more of these pa-
rameters: spin-spiral[9–13]; skyrmion lattice[3, 16, 29];
isolated skyrmions[9, 14, 30]; mixed phase of broken spi-
rals, chiral bubbles, and skyrmions;[21, 31, 32] meron
lattice[6, 7].
A naive back of the envelope calculation suggests that
HEX is minimized when the relative orientation of two
neighboring magnetic moment is ± cos−1(J1/2J2) for
J1 < 2J2 and zero otherwise. The degeneracy in the
mode of orientation (clockwise or anticlockwise) when
J2 > J1/2 is broken for an infinitesimal D which fa-
vors one kind of orientation only, depending on its sign.
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2We thus expect the spin-spiral ground state with pitch
length λEX ∼ 2pia/ cos−1(J1/2J2) in the limit of vanish-
ingly small D. λEX decreases with the increase of J2/J1
and it’s about 11 lattice sites for J2 = 0.6J1. It can fur-
ther decrease with the increase of D. We note that even
for vanishingly small DMI relevant for centrosymmetric
systems, SS structure with pitch-length of a few lattice
sites is possible. For the same reason, we expect, contrary
to the paradigm, the formation of small size skyrmions
even in centrosymmetric systems but with J2 > J1/2
when magnetic field is applied. Does this model also fa-
vor in stabilizing skyrmions in the absence of magnetic
field? J1 supports J2 for orienting neighboring spins but
it cannot break symmetry to orient all spins along up or
down directions because in which case J2 will destabilize.
However, if large easy-axis magnetic anisotropy sponta-
neously create up (down) spin background then the spiral
effect generated by the exchange interactions can produce
skyrmions with topological number Q = 1 whose center
will have down (up) spin moment. We next describe our
detailed results obtained using analytical calculation and
numerical simulation, that will be in agreement with the
above intuitive description.
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FIG. 1: (Color onlie) Energy dispersion of spin-wave and spin-spiral pitch length. a, The dependence of the spin-wave energy
on wave number. Her J2 = 0.7, and D = 0.0 (red), 0.15 (black), 0.8 (dashed blue) and −0.8 (solid blue) have been considered.
Two degenerate minima for D = 0 and the degeneracy is broken for any finite D. kmin, the wave number corresponding to
the minimum energy shifts to the higher magnitude of D and its sign is opposite to the sign of D. b, Dispersion obtained in
ab-initio calculations for thin films Pd/Fe/Ir[11] (circles), 2Pd/Fe/Ir[11] (squares), and in Mn/W[10] (triangles) are fitted (red,
blue, and black lines respectively) with our dispersion relation. Energies are appropriately scaled (multiplied by a factor) for
plotting together. The extracted parameters are shown in Table-1. c, Inverse of the pitch-length λ−1 ≡ kmin/2pi vs. |D| for
J2 = 0.4 (magenta line), 0.45 (black line), 0.53 (blue line) and 0.7 (red line). The symbols closest to these lines represent the
corresponding values obtained from our simulation in a 64× 64 square lattice.
We find [33] the spin-wave dispersion from the Hamil-
tonian HEX + HD for ky = ±kx (along high-symmetry
directions) as
Ek = −4
(
1 +
16
pi2
J2
)
cos(kx)+4J2 cos(2kx)+4D sin(kx) .
(2)
Henceforth, we assume all length scales are in the unit
of a and energy scale in the unit of J1. Figure 1a shows
Ek for D = 0, 0.15, 0.8, −0.8 and J2 = 0.7. We find two
degenerate minima at two nonzero kx (equal in magni-
tude but opposite in sign) for D = 0. For any arbitrary
nonzero magnitude of D, this degeneracy is broken and
one global minimum occurs at kx = −kmin sgn(D), and
kmin increases with |D|. Energy dispersion obtained in
ab initio studies [10, 11] fit (Fig.1b) quite well with the
analytical form in Eq.(2). With the input value of J1
provided in these ab initio studies , we extract J2, D and
λ = 2pi/kmin which are tabulated in Table 1. The pitch
length λ of SS excellently agrees with experiments [10, 11]
on Mn/W and Pd/Fe/Ir systems. Figure 1c shows the
variation of λ−1 with |D|. We note that while λ−1 is
zero at D = 0 for J2 = 0.4, it is nonzero for J2 = 0.45.
To be precise, SS structure is possible even at D = 0 for
0.42 . J2; the lower bound of J2 for SS structure is some-
what less than the naive calculation discussed above. As
J2 is increased, the dependence of λ on D decreases and
it becomes shorter. Therefore, the energy scale J2 pro-
vides SS structures with shorter pitch length than the
3TABLE I: Model Parameters extracted from ab initio Studies.
The values of J1 and a are considered from ab initio studies;
D/J1, J2/J1 and λ = 2pi/kmin are extracted from fitting of
spin-wave dispersion obtained in these studies by the formula
in Eq.(2). The corresponding experimental values of λ are
also tabulated.
System J1 a D/J1 J2/J1 λ [nm] λ [nm]
[meV] [nm] Theory Expt
Mn/W[10] 19.7 0.22 0.15 0.48 2.23 2.2
Pd/Fe/Ir[11] (fcc) 14.7 0.27 -0.09 0.51 2.91 3.0
2Pd/Fe/Ir [11] 9.0 0.29 -0.15 0.71 2.29 2.3
same for the presence of D only.
Alternatively, the long ranged (more than 6th near-
est neighbor) exchange couplings with unsystematic signs
[10, 11] seem to reproduce this short pitch of spin-spiral.
However, such a model with long-ranged and multi-
parameter exchange couplings is rather unphysical as the
skyrmions produced due to the superposition of spin spi-
rals along high symmetric directions is much shorter in
size compared to this long-ranged interaction. Further,
exchange interaction up to second nearest neighbor seems
to suggest skyrmions with higher topological numbers
rather than one[34].
We next perform numerical simulation [33] of H for
determining ground state magnetic structures in the pa-
rameter space of A, D and H for J2 = 0.7 which sup-
ports SS even for small D as discussed above. Figure 2a
shows phase diagrams in H–A plane for a larger DMI,
D = 0.8. As expected from the paradigm of chiral mag-
nets, we obtain polarized ferromagnet, spin-spiral, iso-
lated skyrmions, and skyrmion lattice phases. The polar-
ized ferromagnet is obtained for A . −2.4 at H = 0 and
thereafter for lowering out-of-plane anisotropy (higher A
including its sign) with the increase of H. The SS phase
is obtained for |A| . 1.4. The skyrmion phases are ob-
tained when 0.22 . H. In addition to these phases, we
obtain a mixed phase of broken spirals, skyrmions, and
chiral bubbles mainly for a range of out-of-plane mag-
netic anisotropy and small values of in-plane anisotropy.
This phase occurs for a medium range in H by sepa-
rating SS and skyrmion lattice, and it is also extended
up to H = 0 for −2.4 . A . −1.2. Two other new
structures have been found for in-plane anisotropy and
medium range of H: spin-vortices with their extension
along high-symmetry directions of the underlying lattice
at relatively lower H but beyond the SS phase; a mixed
phase of skyrmions and spin-vortices at relatively higher
H. All the non-collinear structures obtained in the simu-
lations are illustrated in Fig. 2c. The magnetic structures
in the blank space of the phase diagrams (Figs. 2a, 2b)
are unusual and those are provided in the supplemental
material.
As we decrease the value of D, say for D = 0.15, all
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In the present case, J1 supports J2 for orienting neigboring spins but it cannot favor anisotropy
to orient all spins along up or down directions because in which case J2 will destabilize. However,
if large magnetic anisotropy spontaneously create up (down) spin background then the spiral
effect generated by exchange interactions can produce skyrmions with topological number q =
−1 w ose center will have down (up) spin moment.
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FIG. 2: (Color online) Phase diagrams and magnetic struc-
tures. J2 = 0.7 in a 32×32 square lattice with periodic bound-
ary condition for obtaining phase diagram in H–A plane. a,
Phase diagram for a high DMI, D = 0.8 in H–A plane. b,
A relatively low value of DMI, D = 0.15 is considered for
determining phase diagram. The magnetic phases sown in
(a, b) are I: Out-of-plane ferromagnet, II: cycloidal spin-
spiral, III: mixed phase of broken spin-spiral, skyrmions, and
chiral bubbles, IV: skyrmion lattice, V: isolated skyrmions,
VI: The mixed phase of skyrmions and spin vortex with one-
dimensional elongatio , VII: mixed phase of broken spin spi-
ra and spin vortex w th one-dimensional elongation. The
phase corresponding to white region is unclear and some of
the corresponding magnetic structures are shown in supple-
mental as illustration. c, Magnetic structures obtained for
unconventional phases ( II – VII). The arrows indicate the
inplane component of magnetization while the out-of-plane
component of has been color coded. Chiral-bubble and one-
dimensionally elongated spin-vortex structures are also shown
by zooming.
the above phases excepting the skyrmion lattice phase
are obtained (Fig. 2b). They, however, occur, for dif-
ferent ranges of A and H. One interesting finding is
that isolated skyrmions with radius of few lattice sites
are also possible at such a low value of D. For further
lowering the value of D, we have extended our simulation
for the system size up to 64 × 64 and have found that
isolated skyrmions are possible for as low as D = 0.05.
We thus conclude that our model HEX supports isolated
skyrmions for vanishingly small DMI, in contrast to the
paradigm of chiral magnets, at the thermodynamic limit.
4This is corroborated with the experiments [14, 25, 26]
that have reported skyrmions in the centrosymmetric sys-
tems. The essential breaking of degeneracy in the min-
ima of spin wave dispersion in centrosymmetric systems
is presumably done by the dipolar interaction [4, 35–37],
while this has been effected by a vanishingly small non-
zero D here in the model. However, neither dipolar inter-
action nor DMI has any other necessary role in stabilizing
noncollinear nanoscale structures.
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FIG. 3: (Color online) Phase diagrams and magnetic struc-
tures at zero m gnetic field. J2 = 0.7 in a 32 × 32 square
lattice with periodic boundary condition for obtaining phase
diagram in D–A plane at H = 0. a, Phase diagram for out-
of-plane magnetic anisotropy. b, Phase diagram for easy-
plane anisotropy. The new pases in comparison to Fig. 2 are
VIII: meron lattice; IX: planar ferromagnet; X: random
spin islands of positive and negative out-of-plane magnetiza-
tion; XI: spin-spirals without complete 2pi spin rotation. c,
Magnetic structures obtained for unconventional phases (XI,
VIII, X, and III). The arrows indicate the inplane component
of magnetization while the out-of-plane component of magne-
tization has been color coded. Zoomed structures from top:
Meron lattice, skyrmion with spin-up center, and skyrmion
with spin-down center.
We next analyze magnetic structures at H = 0.
Figs. 3a and 3b respectively show the corresponding
phases for A < 0 and A > 0 in D–A plane. Interest-
ingly, apart from expected polarized ferromagnet and SS
structures, a mixed phase of broken spin-spirals, chiral
bubbles and skyrmions are found for out-of-plane mag-
netic anisotropy. These skyrmions are likely to be cor-
roborated with the skyrmions observed at zero magnetic
field at various experiments.[9, 14–22] Meyer et al [9]
have recently reported that skyrmions at zero magnetic
field are observed only for the systems with energy dis-
persion having quartic wavenumber dependence rather
than quadratic only. This is indeed in support of our
model with biquadratic exchange interaction that sup-
ports zero-field skyrmions. We find that the skyrmions
with down as well as up spin at their centers (Fig. 3c)
may simultaneously form in the respective background
of up and down spins because both these backgrounds at
zero magnetic field are degenerate. In the case of posi-
tive anisotropy, apart from the well-known phases of SS
and planar ferromagnet, we find a regime of D and A
that supports a lattice of merons–a meron with up spin
at its center is surrounded by merons with down spin at
their centers and vice versa (see Fig. 3c). This lattice
has been recently reported in experiments [6, 7], a mi-
cromagnetic simulation [7] and also as analytic solution
[S2] of Euler equation. For the parameter regime in be-
tween planar ferromagnetic and meron lattice phases, we
find a SS structure like phase but with the limited range
(Fig. 3c) of out-of-plane magnetization, |mz| < 1. The
value of |mz| increases as we approach closer to meron
lattice boundary. However, we find a narrow regime of
parameter space towards the planar ferromagnet phase
boundary where the structure appears to be the disor-
dered spin island (Fig. 3c)phases with |mz| < 1.
The pitch length of SS structure obtained in this sim-
ulation method for various values of J2 agrees very well
with the analytical estimate for an infinite system (Fig.
1c). For increasing accuracy in estimating λ from the
simulation for lower |D|, we have considered 128 × 128
lattice. The minimum value of |D| for which SS structure
is obtained for a given lattice size is at the threshold value
of J2 ≈ 0.42 which agrees with its analytical estimation.
The spin configuration of all the magnetic phases may
be represented in terms of the Fourier decomposition[34]:
Si = B0 +
1
2
2∑
α=1
(
Bαe
iqα·ri +B∗αe
−iqα·ri) (3)
where q1,2 = (q/
√
2)(1, ±1) are two orthogonal wave
vectors representing two high symmetric directions in a
square lattice. The uniform ferromagnetic state is rep-
resented by Bz0 = 1 and B
x
0 = B
y
0 = Bα = 0. We find
that the SS structure corresponds to B0 = B2 = 0 and
B1 = (−i/
√
2, −i/√2, 1). The direction of propagation
of the spin-spiral is along q1 which switches over to q2
when the sign of DMI changes. Superposition of mod-
ulations along both qα directions with equal amplitude
creates the skyrmion structures with circular symmetry.
5In this case, B0 = 0, B1 = Be
iφ1(−i sinχ, i cosχ, 1) and
B2 = Be
iφ2(−i cosχ,−i sinχ, 1) where B = −1/2 sat-
isfying Szi = −1, Sxi = Syi = 0 at the center of the
skyrmions. The spin-vortices are also formed due to the
superposition of both q1 and q2 but with unequal ampli-
tudes.
By introducing biquadratic nearest neighbor exchange
interaction, we comprehensively show numerous exotic
magnetic structures such as spin-spiral with unusually
short pitch-length, skyrmions at zero magnetic field
and/or vanishingly small Dzyaloshinskii-Moriya interac-
tion, and meron lattice at zero magnetic field. We
thus have made a compelling case of explaining a large
number of recent experiments observing these unusual
magnetic structures. Our phase diagrams will encour-
age further investigations of these magnetic structures
over their respective ranges of parameter space. Our
theory should also be relevant for recent observation
[38] of spin-spiral in YBaCuFeO5 with extremely small
Dzyaloshinskii-Moriya interaction [39]. We predict that
these systems should also host skyrmions and other mag-
netic structures shown in the phase diagrams.
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Supplemental Material to “Skyrmions at
Zero Magnetic Field or Vanishingly Small
Dzyaloshinskii-Moriya Interaction”
Energy dispersion
We first calculate the spin-wave dispersion relation
for the considered exchange interaction including the bi-
quadratic term:
HEX =
∑
<ij>
[−J1(mi ·mj) + J2(mi ·mj)2] . (4)
By employing the method discussed in Ref.[S1], we write
mj ’s in terms of Bosonic creation and annihilation opera-
tors (a†j , aj) with the commutation relation [aj , a
†
l ] = δjl
as m+j = m
x
j +im
y
j = (2S−a†jaj)1/2aj , m−j = mxj−imyj =
a†j(2S − a†jaj)1/2, and mzj = S − a†jaj where the magni-
tude of spin S is assumed to be large for perturbative
expansion and finally we take the limit S → 1.
Expressing aj =
1√
N
∑
k e
−ik·rj bk and a
†
j =
1√
N
∑
k e
ik·rj b†k in Fourier representation with [bk, b
†
k′ ] =
δkk′ , we find HEX = H0 +H1 where
H0 = −2J1S
∑
k
(cos(kxa) + cos(kya)− 2)b†kbk
= −2J1S
∑
k
ζ(k)b†kbk (5)
with ζ(k) = cos(kxa) + cos(kya)− 2 and
H1 =
S2
N
∑
k,k1,k′
J (k,k1,k′)b†kbk1b†k′bk−k1+k′ . (6)
For the purpose of determining dispersion relation, we
set k = k1 and thus
H˜1 = S
2
∑
k,k′
J (k,k′)b†kbkb†k′bk′ (7)
with
J (k,k′) = J2
[
4 cos(kxa) cos(k
′
xa) + 4 cos(kya) cos(k
′
ya)
−5(cos(kxa) + cos(kya))− 5(cos(k′xa) + cos(k′ya)) + 4
]
(8)
We thus obtain an effective Hamiltonian (quadratic in
bosonic field) as Heff =
∑
k J˜ (k)b†kbk where J˜ (k) =
−2J1ζ(k) +
∑
k′ J (k,k′)〈b†k′bk′〉 by putting S = 1. The
ensemble average 〈b†k′bk′〉 may be obtained using the ex-
pression of H0. To that end, ζ(k) has 4-fold symmetry in
the Brillouin zone, with one of such independent regime
is 0 ≤ (kx, ky) ≤ pi in which ζ(k) > (<) 0, which we
denote as ζ+ (ζ−), for kx + ky ≤ (>)pi. Therefore,
J˜ (k) = −2J1ζ(k) + 1
pi2
[∫ pi
0
dk′x
∫ pi−k′x
0
dk′y
∑
n
J (k,k′)
iΩn − ζ−
+
∫ pi
0
dk′x
∫ pi
pi−k′x
dk′y
∑
n
J (k,k′)
iΩn − ζ+
]
(9)
where Ωn is bosonic Matsubara frequency. We hence find
energy dispersion
J˜ (k) = −2 (J1 + (16/pi2)J2) (cos(kxa) + cos(kya))
+2J2(cos(2kxa) + cos(2kya)) (10)
at zero temperature, by dropping the constant terms. We
note that J˜ (k) has four-fold symmetry in the Brillouin
zone as the energy is same at (±kx, ±ky). We thus find
effective exchange interaction: HeffEX =
∑
k J˜ (k)b†kbk ≡∑
k J˜ (k)mk ·m−k, and DM interaction energy
HDM = i
∑
k
[Dx(k)(mzkmx−k −mxkmz−k)
−Dy(k)(mzkmy−k −mykmz−k)
]
(11)
where Dx(k) = 2D sin(kxa), Dy(k) = 2D sin(kya), and
mk is Fourier transform of mi.
Without loss of generality, we assume k = kxeˆx and
considering the variation of magnetization in the z − x
plane, we find the effective Hamiltonian as
H˜ =
∑
kx
(
mzk, m
x
k
)[ J˜ (kx) iDx(kx)
−iDx(kx) J˜ (kx)
](
mz−k
mx−k
)
(12)
leading to the energy dispersion
E±(kx) = J˜ (kx)±Dx(kx) . (13)
Clearly, E+(D, kx) = E
−(−D, kx) = E+(−D,−kx). It
is thus sufficient that we consider E+(D, kx) ≡ E(kx)
only.
Simulation Method
We obtain magnetic phase diagrams by performing
simulated annealing from a large temperature for the
spin model described by H in a square lattice 32 × 32
size with periodic boundary condition. Some of the
key results have been reconfirmed for 128 × 128 size
also. The simulation is carried out by adopting standard
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FIG. 4: Magnetic Structures of Unusual Magnetic Phases.
Some of the unusual magnetic structures are illustrated for
J2 = 0.7, D = 0.8 a d H = 0.8 for a, A = 1.4; b, A =
1.6; c, A = 1.8 and d, A = 2.0. The arrows indicate the
inplane component of magnetization while the out-of-plane
component of magnetization has been color coded.
Metropolis algorithm for updating local spins up to
4× 106 steps for each temperature. We gradually reduce
the temperature in each step of the simulation following
the relation Tn+1 = αTn where Tn is the temperature in
the nth step. We set the initial temperature T0 = 11 and
α = 0.99 to reach final temperature T ∼ 5× 10−4 in 103
steps.
Unusual Magnetic Structures
Some of the unusual structures (see Fig. 4) devel-
oped in our simulation are provided here. The out-
of-plane component of magnetization is not symmetric
about mz = 0 in these structures. The small size struc-
tures shown here are possibly the previously reported [S2]
asymmetric skyrmions.
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